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Bifurcation Analysis of Airfoil in Subsonic Flow
with Coupled Cubic Restoring Forces
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The effects of coupled nonlinearities in the pitch and plunge degrees of freedom of an airfoil placed in a subsonic
airflow are studied using a numerical time-marching scheme. The initial conditions are fixed, and the airfoil
parameters are adopted from a previous study where primary and secondary Hopf bifurcations and modulated
oscillations in a subcritical Hopf bifurcation were observed. The investigation is first carried out for fixed spring
stiffness in the pitch degree of freedom while the plunge spring constant is varied. The second example fixes the
plunge spring constant and varies the pitch spring stiffness. Both weak and strong restoring forces are considered.
It is shown that coupled nonlinearities can generate a variety of motions and that chaotic behavior is possible in a

narrow window of the bifurcation parameter.

Nomenclature
ay, = nondimensional distance from airfoil
midchord to elastic axis
b = airfoil semichord

Cp(t), Cy(r) = aerodynamic lift and pitching moment

coefficients

c = airfoil chord

f = nondimensional linear frequency

h = plunge displacement

m = airfoil mass

T radius of gyration about elastic axis

t = time

U freestream velocity

U nondimensional velocity, U/bw,

U} = linear flutter speed

X eight-dimensional vector variable

Xo = nondimensional distance from airfoil elastic
axis to center of mass

o = pitch angle of airfoil

B = cubic coefficient in pitch

y = cubic coefficient in plunge

£1, & = constants in Wagner’s function

Lo Gt = viscous damping ratios in pitch and in plunge

" = airfoil/air mass ratio, m/mpb?

& = nondimensional plunge displacement, i /b

T = nondimensional time, Ut /b

¢ (1) = Wagner’s function

vy, Yo = constants in Wagner’s function

w = fundamental frequency of motion

g, Wy natural frequencies in plunge and in pitch

0} = frequency ratio, wg /w,
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Introduction

IRFOIL motion with cubic restoring forces has been studied as
early as the 1950s by Woolston et al.! and Shen,” and a recent
review of this topic can be found in Ref. 3. O’Neil et al.* carried out
experiments to demonstrate the existence of limit-cycle oscillations
in aeroelastic systems with cubic nonlinearities in the pitch degree
of freedom and showed favorable comparisons of their results with
numerical simulations. Except for the wind-tunnel studies carried
out by Hauenstein et al.,’ where two coupled freeplay nonlinearities
were investigated, practically all experimental aeroelastic investiga-
tions considered only a single nonlinearity. To the best of the authors’
knowledge, experimental studies on the behavior of an airfoil with
coupled cubic nonlinearities in the pitch and plunge degrees of free-
dom have not been reported in the literature, although some simple
cases of limit-cycle oscillations were investigated numerically by
Alighanbari.®
Recently, Lee et al.” investigated airfoil motions with a strong
cubic nonlinearity in the pitch degree of freedom. Particular em-
phasis was placed on the occurrence of limit-cycle oscillations and
the phenomenon of primary and secondary Hopf bifurcations. A
third harmonic balance method was developed to give a frequency—
amplitude relation that depends only on airfoil parameters. Whereas
the method generally yields accurate results for the amplitude and
frequency of the pitch and plunge motions for primary Hopf bifur-
cations, the secondary bifurcation required the inclusion of a large
number of terms in the Fourier series representation of the airfoil
motion. The method was later extended by Liu and Dowell,® and
they considered terms up to 13 harmonics. The algebra becomes so
complex that a frequency—amplitude relation similar to that deter-
mined by Lee et al.” cannot be derived for harmonics higher than
the third. Instead, a nonlinear system of algebraic equations has to
be solved to predict the secondary bifurcation. The computational
procedure is not straightforward and, in fact, is more time consum-
ing than a fourth-order Runge—Kutta numerical scheme commonly
used in aeroelastic studies of airfoil motions.*> This paper provides
some interesting observations of the bifurcation phenomenon for an
airfoil placed in a subsonic airflow when the magnitude of the cubic
restoring forces in the pitch and plunge motions varies from weak
to strong. The results are obtained numerically because some of the
phenomena reported cannot be predicted from the harmonic balance
method’ or the perturbation—incremental method.” The advantage
of a numerical time integration scheme is that the effect of initial
conditions can be captured, but it has the disadvantage of not being
able to predict the unstable branch of a subcritical Hopf bifurcation.
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In the study of aeroealstic behavior of an airfoil, it is difficult to
make generalizations, especially from numerical simulations, be-
cause of the large number of airfoil parameters that we can vary.
Different combinations of these parameters can produce quite dif-
ferent airfoil responses. To keep the computations within a reason-
able amount of effort, we use the airfoil parameters chosen by Lee
et al.” In the first case study, the effects of coupled nonlinear pitch
and plunge restoring forces are investigated by fixing the constant
in the pitch cubic spring and varying the constant in the plunge cu-
bic spring. In the second example, the constant in the plunge cubic
spring is fixed while the pitch spring constant is varied.

Equations of Motion of an Airfoil
with Cubic Restoring Forces

The symbols used in the analysis of a two-dimensional airfoil
motion are given in Fig. 1. The plunge deflection is denoted by 4,
positive in the downward direction, and « is the pitch angle about
the elastic axis, positive nose up. For nonlinear restoring forces,
the coupled bending—torsion equations for the airfoil are derived in
Ref. 3. In the absence of externally applied forces, they are given in
nondimensional form as follows:

£+ xo0" + 28 (0/UNE + (@/U")*G(§) = —(1/m ) Cp. (1)
)
(xa/r2)E" +o"+2(0 /U + (/UM (@) = /7 pr}) Ci @)
@)
where & = h/b is the nondimensional displacement and the prime
denotes differentiation with respect to the nondimensional time
7 = Ut/b. The nondimensional velocity is defined as U* = U /bw,.
The airfoil/air mass ratio is u =m/mp b?; ¢, and ¢; are the viscous
damping ratios in pitch and plunge, respectively; w is the frequency;
g and w, are the plunge and pitch natural frequencies, respectively;

and @ = w /w, . For incompressible flow, Fung'®gives the following
expressions for Cp (t) and Cy(7):

CL)=nE"—aya" +a')+21 {0!(0) +£'(0)

+ |:% —ahi|oz’(0)}¢(f) +2n/ ¢ (z —0)[0/(0)
0

+&"(0) + (% —ah)a”(a)} do 3

1 1
Cu(r) = n(i +ah> {01(0) +&'(0) + (5 - ah)ot’(o)}qﬁ(f)

+7T<%+ah>f ¢(f—0){a/(0)+5”(0)
0
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Fig. 1 Schematic of airfoil with two degree-of-freedom motion.
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where the Wagner function ¢ (7) is given by
¢(r) =1 —ne™™" — e " (&)

and the constants ¥, =0.165, y, = 0.335,¢; =0.0455, and ¢, = 0.3
are obtained from Jones.!! For a cubic spring in the pitch and plunge
degrees of freedom, M («) and G(§) in Eqgs. (1) and (2) are given
by

M) = a + Bo’ (6)
GE) =& +yE’ @)

where 8 and y are constants. When 8 > 0 and y > 0, the pitch and
plunge springs are hard, whereas they are called soft springs if 8 <0
and y <0.

Because of the presence of the integral terms in the integrodif-
ferential equations given in Eqs. (1) and (2), it is cumbersome to
integrate them numerically. A set of simpler equations was derived
by Lee et al.,? and they introduced four new variables

T T
wy =/ e 1"y (0) do, w» :/ e 2"y (o) do
0 0

w3=/ e‘gl(’_")é(a)da, w4=/ e_”(’_")é(a)da ®)
0 0

The resulting set of eight first-order ordinary differential equations
by using Eq. (8) is given as follows:

dXx
e =f&X, 0 )
T

where X = {x|, x2, ..., x3} ={a, ', &, &, wy, wa, w3, ws} € RS,
After some algebraic manipulations, the aeroelastic system for a
self-excited system with cubic nonlinearities of the form given in
Eqgs. (6) and (7) can be written as

" + 10" + 28" + 3 + (ca + c10)€ + csa + cowy
+ cwy + cyws + cowy + oy €’ =0
do&" + dia” + do&’ + dya’ + duE + (ds + dyo)a + dsw,
+ dywy + dyws + dowy + dypfa’® = 0 (10)

’ ’
w, =o — 1wy, W, =0 — &W)

w, =& — g ws, wy =& — &uy

The coefficients ¢; and d;,i =0, 1, 2, ..., 10, are functions of sys-
tem parameters and the expressions are given in the Appendix.
Equation (10) can be solved numerically using a fourth-order
Runge—Kutta time-marching scheme once the initial conditions
«(0), &’'(0), £(0), and £'(0) are specified. The time step in the ex-
amples to be given is taken to be At =0.1, which is sufficiently
small to produce very accurate results. This value gives a consider-
ably large number of time steps per cycle for a sinusoidal motion
recommended by Jones and Lee.'?

Case Studies

In this paper, the airfoil parameters in the two examples given
in Ref. 7 are used to show the effect of coupled nonlinear restor-
ing forces on the airfoil motions. The examples are chosen be-
cause they demonstrate the appearance of secondary bifurcations
and amplitude-modulated oscillations in primary subcritical Hopf
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bifurcations. These are interesting phenomena that have not been ob-
served in previous studies using the same airfoil parameters but with
weaker cubic restoring forces. In most studies® carried out on the ef-
fect of structural nonlinearities on airfoil motion, the damping terms
g and ¢, are set to zero. However, these two terms have a signifi-
cantinfluence on the types of airfoil motion in post-Hopf-bifurcation
but are often neglected to not introduce extra variables to an already
large set of parameters in the study of structural nonlinearities.

Equations (1) and (2) with cubic nonlinearities given by Egs. (6)
and (7) have been studied by Gong et al.'* for a dynamic system
in the absence of the aerodynamic terms. Although including the
aerodynamic terms will alter the airfoil motion, this study still gives
useful information on the effect of the damping terms. Gong et al.'?
demonstrated mathematically that for ¢z > 0, £, > 0 and @ > 0, the
equilibrium point (0,0,0,0) is always linearly stable if x, <r, and
is linearly unstable if x, > r,. If { =, =0, the point (0,0,0,0) is
a nonhyperbolic point and has two pairs of purely imaginary roots
when x, < r,. However, when x,, > r,, the point (0,0,0,0) has a pair
of purely imaginary roots plus one positive real root and one negative
real root. For airfoil properties that we have studied, x,, is less r,, and
we can conclude from the Gong et al.'3 analysis that when damping
terms are included, the motion becomes less complex.

Based on the Gong et al.'3 investigation, we can only generalize
that when aerodynamics are included in Egs. (1) and (2), the effect
of damping will have the tendency to make the airfoil motion less
complex. Analysis of the stability of the equilibrium point (0,0,0,0)
including aerodynamics is too complicated to be carried out mathe-
matically. Another study that also suggests that damping will make
the airfoil motion less complex was carried out by Price et al.'*
for a single freeplay in the pitch degree of freedom using Egs. (1)
and (2) with the appropriate expression M («) for a freeplay. They
computed the airfoil motion numerically for four different sets of
damping values, that is, { =, =0, & = ¢, =0.02, & = ¢, =0.05,
and §¢ = ¢, =0.1. Atzero damping, they showed that there is arange
of velocity values U*/U; that indicates chaotic motion. Increasing
the damping to 2% of critical value, the bifurcation diagram still
shows the same range of velocity where chaotic motion exists. At
5% of the critical value, the chaotic region is reduced, and at 10% of
the critical value, the motion becomes periodic. Until further anal-
ysis for the cubic nonlinearity has been carried out, we can only
assume that the airfoil motion can be more complex when damping
is neglected in Eqgs. (1) and (2).

Effect of Varying Plunge Stiffness Nonlinearity
for Fixed Pitch Nonlinearity

In the first example, the airfoil parameters are: u© =100, r, =0.5,
a,=-0.5,8=¢,=0,x,=0.25,0=0.2, and g = 80. With a sin-
gle nonlinearity in the pitch degree of freedom, y =0, Lee et al.’
showed that when the freestream velocity reaches the linear flutter
velocity U; = 6.285, a supercritical Hopf bifurcation occurs. They
showed thatat U*/U; ~ 2, a secondary subcritical Hopf bifurcation
appears and the jump position depends on initial conditions. For
example, it varies from U*/U; =198 to U*/ U} =2.08 for «(0)
between 0.5 and 10 deg, while keeping «’(0) =£(0) =£&'(0) =0.
With different combinations of «(0), «’(0), £(0), and &'(0), the
jump position changes. For the initial conditions they chose, that
is, ®(0) =1 deg, and o’ (0) =£(0) =£&'(0) =0, a small variation in
the slope of the pitch amplitude vs the U*/U; curve is detected at
U*/ U} =~ 2 for the first harmonic pitch motion. However, there is a
large increase in the amplitude of the third harmonic indicating the
importance of this harmonic after the jump. For the plunge motion,
the jump in the amplitude of the first harmonic is large, whereas that
for the third harmonic is small. The third harmonic is significant only
in the pitch motion where the nonlinearity is located.

In this paper, with 8 kept constant at 80, the following values
of y are used: 0.2, 0.5, 0.8, 1.5, 4, 10, 20, and 30. The initial
conditions for the time-integration scheme are «(0) = 1.0 deg and
a’'(0) =£&'(0) =&(0) =0. The effects of initial conditions are not
considered in this paper because they affect only the jump position
in a subcritical Hopf bifurcation, but the basic characteristics of the
airfoil response in post-Hopf-bifurcation remain unchanged.

For y < 0.5, the primary and secondary bifurcations are similar
to those reported in Ref. 7 except for a small increase in the velocity
ratio U */ U} where the secondary bifurcation occurs. In general,
the value of U*/U; at the jump position increases for increasing
y . The amplitudes of the pitch and plunge motions before the jump
also increase with y.

Figure 2a shows the amplitudes of the first and third harmon-
ics pitch motion at y =0.5. The amplitudes are determined from
a Fourier analysis of the numerical time series. We note that at
2.18 <U*/U; <2.28, there is sharp decrease in the pitch amplitude.
Similar to the results given in Ref. 7, the second harmonic is zero,
and higher odd harmonics greater than the third are very small. The
secondary bifurcation position has now moved to U*/U; =2.28
instead of U*/U}=1.98 at y =0. The amplitudes after the pri-
mary bifurcation increase by a noticeable amount, for example, the
first and third harmonics pitch amplitudes before the sharp drop at
U*/U; =2.18 increase from 9 and 2.2 deg at y =0 to 10.15 and
3.25 deg at y = 0.5, respectively.

At y =0.5, the results in Fig. 2b show that the third harmonic
plunge amplitude is practically zero because the magnitude of
the plunge nonlinearity is not sufficiently large to produce any
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noticeable third harmonic. However, the first harmonic amplitude
increases substantially from & =0.66 (y =0) to 0.95 (y =0.5), an
increase of nearly 44%. At this value of y and for motion, for ex-
ample, just before the jump where the plunge amplitude & = 0.95,
the ratio of the nonlinear to linear stiffness forces in plunge is about
0.4513, which is less than 18% of the value of 2.510 for the ratio in
nonlinear/linear restoring pitching moment using an amplitude of
10.15 deg before the jump. Thus, we can see that the plunge nonlin-
earity, though generating a smaller nonlinear/linear force ratio than
the nonlinear/linear moment ratio from the pitch nonlinearity, can
have a very noticeable effect on the coupled airfoil motions.

An interesting observation in Figs. 2aand 2b for2.18 < U* /U] <
2.28 is the nonzero mean values of the pitch and plunge motions.
This is also shown from the time series given in the insets of Figs. 2a
and 2b for U*/ U} =2.24. When U*/ U} > 2.28, the mean positions
return to zero. The mean value is obtained after the transients are
discarded and is usually taken in the range 7000 < 7 <9000, giving,
on average, close to 20 cycles of data at the fundamental frequency.
Nonzero mean values suggest that a time-averaged lift and a negative
pitching moment are acting on the airfoil. This is an interesting
phenomenon that suggests that an initial displacement of the airfoil
by 1 deg can cause the airfoil to oscillate in a small velocity range
with a mean upward vertical displacement and a negative angle of
attack. In general, the amplitude jump at the secondary bifurcation
point for the plunge motion is about the same for the two values of
y, 1.02 at y =0 vs 0.9 at y =0.5. For the pitch motion, the jumps
are 2.9 and 4.2 deg for the first and third harmonics at U*/U; =2.28
compared to 0 and 3 deg for y =0.

The nondimensional fundamental frequency w is shown in
Fig. 2c. It starts at a value of 0.0835 rad per unit time 7 at
U*/U} =1, decreases to 0.058, and remains constant in the range
218 <U*/U; <2.28. It then jumps to a lower value of 0.048,
Aw=0.01, and remains constant up to U*/U; =2.46, where the
numerical simulations were terminated. The values of w for y =0
also starts with a value of 0.0835, but the magnitude of the jump is
larger, that is, it drops from 0.063 to 0.042, Aw =0.021.

As the value of y increases, the amplitude of the airfoil pitch mo-
tion also increases. We consider only motions for «(7) € [—20 deg,
20 deg]. The aerodynamics given by Fung!® is for a thin airfoil
based on the assumption of attached flow. The extreme values of
a(t) ==£20 deg exceed the limiting value at which the aerody-
namics becomes invalid by a substantial amount (at least 5-10 deg
depending on flow velocity). Some results are given up to this value
of a(7) for the purpose of showing the trends only. However, they
should be interpreted with caution when comparing to experiments
because any flow separations will invalidate the unsteady aerody-
namics used in the analysis. From the numerical simulations, it is
found that the velocity ratio satisfying the attached flow assumption
decreases with increasing y; for example, at y = 0.5, the compu-
tations terminate at U*/ U} =2.46, whereas for the next value of
y investigated, y = 0.8, the computations should not be continued
beyond U*/U; =2.3. We note that at this value of y, the mean pitch
amplitude is positive whereas the plunge amplitude is still negative.
This implies a reversal in the static pitching moment to a positive
value while the lift is still in the upward direction. The sharp change
in mean amplitude has moved forward to U*/ U = 2.06. The mean
pitch and plunge positions have not returned to zero, even when the
computations are continued to U*/ U} =2.5.

At y = 1.5 and higher up to the largest value studied, y = 30, the
pitch motions for values of the velocity ratio up to U*/ U} ~2.2
are approximately within the range «(t) € [—20 deg, 20 deg]. In
the range 0.8 <y <4, a jump in the pitch/plunge amplitudes is not
observed, but instead a rapid drop followed by more gradual rise in
amplitude is detected for the pitch first and third harmonics, whereas
the plunge third harmonic is practically zero, and the change in the
first harmonic is hardly noticeable in the range of U*/U; where
rapid pitch motion changes are detected. The mean values for both
pitch and plunge motions retain nonzero values up to U*/U; = 2.2,
where the computations are terminated. Typically, the region of rapid
changes is small, of the order of AU*/U; =0.1. The frequency does
not exhibit sharp or large changes at the value of U*/ U} ~2 for
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Fig. 3 Bifurcation diagrams for x,, =0.25, ©=0.2, 3=80, and v=10:
a) pitch motion and b) plunge motion; insets, time series for
U*IU} =2.05.

y = 1.5and ~1.9 for y =4, where the rapid changes in pitch/plunge
amplitudes are observed.

A different behavior pattern emerges at y =10. The local ex-
treme values (maximum or minimum) of the pitch/plunge motions
evaluated at ’(t) =0 and &'(r) =0, respectively, are shown in
Figs. 3a and 3b. The local extreme value increases smoothly up
to U*/U; =1.8, and Figs. 3a and 3b show a more rapid increase
for 1.8 <U*/U; <1.9. In the range 1.9 <U*/U} <2.06, a large
number of peaks in the time series are detected. The numerical
time integration stops at T = 9000, which is sufficiently long for
the cases so far investigated in this section. The airfoil motion in
this small range of U*/ U} appears to be chaotic. The time series
at U*/ U} =2.05 are shown in the insets of Fig. 3. A power spec-
tral density plot is shown in Fig. 4a. The results are very similar to
those given by Price et al.,'> who showed that this type of power
spectral density is indicative of chaos in an aeroelastic system with
concentrated structural nonlinearities. Furthermore, they evaluated
the Lyapunov exponents and found that one exponent was posi-
tive, thus, giving further evidence of the existence of chaos. The
Poincaré section shown in Fig. 4b has a very distinct structure that
lends further evidence to the existence of chaotic motions. It may
be beneficial to carry out the numerical integration to longer times
to ensure that the behavior is truly independent of the time duration
in the simulation, but a closer study of the time series suggest that
the results will probably not alter the conclusions drawn from the
existing computations.

For the next value of y > 10 investigated, the bifurcation behavior
of the pitch/plunge motions reverts back to those similar for small
values of ¥ < 0.5. The mean values of the pitch and plunge motions
become zero, and abrupt changes in the amplitudes and frequency
occur in which the motions jump directly from one-peak to three-
peak motions. Figure 5a shows a bifurcation diagram of the pitch
motion for y =20, in which the amplitude jumps atU*/ U} =1.74.
Unlike the case for y =0 in Ref. 7, the amplitude of the first
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harmonic decreases dramatically, whereas the amplitude of the third
harmonic increases sharply for the motion after the jump. For ex-
ample, at the bifurcation point, the first harmonic pitch amplitude
decreases from 10 to 2 deg, whereas the third harmonic increases
from 1.6 to 7.8 deg. Beyond the bifurcation point, the amplitude
of the third harmonic grows slightly faster than that of the first
harmonic. Thus, the third harmonic is the more dominant term in
the Fourier representation of the time series in postsecondary Hopf
bifurcation for this value of y. The plunge motion bifurcation dia-
gram is shown in Fig. 5b. Similar to the pitch degree of freedom,
the plunge motions also exhibit a jump from one-peak to three-peak
behavior. At U*/ U} =1.74, the first harmonic plunge amplitude
decreases from & =0.46 to 0.35, and the third harmonic increases
from & =0 to 0.34. The increase in amplitude of the first harmonic
for U*/U; > 1.74 is more rapid than that of the third, and, hence,
it is still the dominant Fourier component in the plunge motion.
Shown in the insets of Fig. 5 are time series forU*/U; =2, and we
can clearly see the presence of the third harmonic.

For the last case considered in this study where y = 30, the results
are very similar to those for y =20.

In the example described in this section, where 8 is fixed and y
varies, we demonstrate that by varying the magnitude of the non-
linear/linear restoring forces in the plunge degree of freedom, the
motion can change quite significantly, switching from one type to
another abruptly. There are ranges of y where a secondary bifurca-
tion occurs, and a narrow window of y where chaotic motions are
possible.

Effect of Varying Pitch Stiffness Nonlinearity
for Fixed Plunge Nonlinearity

Ideally, it would be informative to repeat the numerical study just
described by choosing different values of 8 and varying y for each
fixed 8. This would then be followed by similar studies with y fixed
and B varying, repeating for various values of y. The test matrix for
such a study will be extremely huge and require a large amount of
computations. Deducing any behavior pattern would become quite
difficult, if not impractical, using numerical simulations. An ana-
lytical approach will help to predict trends, but unfortunately this
requires a higher harmonic balance method® that requires as much,
if not greater, computational effort. We did not carry out such a de-
tailed study, but instead performed some limited investigations on
two cases based on the second example given in Ref. 7.

Lee et al.’” investigated the effect of natural frequency ratio @
on the bifurcation of a two-dimensional airfoil motion with y =0
and B = 80. Three values of @ =1, 1.2, and 1.4 were studied, with
most of the airfoil parameters the same as those given in the pre-
ceding subsection, except that x, =0.1. The more interesting case
is for @ = 1.2, where it is shown that the primary bifurcation is a
subcritical Hopf bifurcation. On the upper branch of the bifurcation
curve, there is a segment in the range 0.9643 <U*/U; < 1.1508
where the solution is unstable. The numerical computations show
the pitch/plunge motions to be amplitude modulated. When the
perturbation-incremental method® is used, it can be shown from
Ref. 7 that, within this range of U*/ U}, a torus bifurcation oc-
curs in which a pair of Floquet multipliers crosses the unit circle at
points other than £1, and the stable solutions are tori. Limit-cycle
oscillations become stable again for U*/ U} > 1.1508.

In this paper, we investigate effect of the coupled pitch/plunge
nonlinearities by considering @ = 1.2 and keeping the plunge non-
linearity fixed at y =10. The values of 8 investigated are 0, 0.1,
0.5, 5, 10, 15, 20, 30, 50, and 80. The initial conditions in the time-
marching scheme are the same as the preceding section, that is,
@ (0)=1.0deg, ¢’'(0) =&'(0) =£(0)=0.

The reference case for 8 =0, y = 10 is shown in Fig. 6, where the
pitch/plunge amplitudes and the fundamental frequency are shown.
The pitch/plunge amplitudes show that the first harmonic is domi-
nant and the third harmonic increases very slowly with U*/ U} . Ata
value of U*/ U} =4, o and € are approximately 0.5 deg and 0.02, re-
spectively. When a value of £ = 0.52 is taken at this value of U*/ U7,
the nonlinear/linear plunge force ratio is about 2.7. The results
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Fig. 6 First and third a) harmonics pitch motion amplitudes and
b) harmonics plunge motion amplitudes; ¢) fundamental frequency:
xo=0.1, =12, 3=0, and ~ =10. *, amplitude of first harmonic and
A, amplitude of third harmonic; insets, the time series for U*/U} =2.

indicate that a larger value of y is necessary to produce a larger
third harmonic. The time series of the motions in the insets of Figs. 6
computed at U*/ U} =2 clearly show a sinusoidal behavior. The bi-
furcation is of the supercritical type at a value U* =U[ =2.951.
No secondary bifurcation is observed up to a value of U*/U; =4,
where the computations were terminated. The value of the plunge
nonlinearity is not very large compared to the later pitch nonlinear-
ity. For this case, at a value of U*/U} =2.5, § =0.35 and the ratio
of the plunge nonlinear/linear restoring forces is 1.225.

Up to B=5, a supercritical Hopf bifurcation is observed
at U*/U; =1, and a small increase in the amplitudes of the
pitch/plunge motions is observed. When g reaches a value of 10,
the bifurcation switches to the subcritical type (Fig. 7) and the
pitch/plunge time series show that between 1.01 <U*/U; <1.22
the motions are amplitude modulated. These limits are accurate up
to AU*/U} =0.01, which is the increment of U*/U; used in the
numerical simulations. Typical time series of the pitch and plunge
motions at U*/ U} = 1.1 are shown in Fig. 8a, where approximately
one cycle of the modulated motions is shown. Some of the peak pitch

T

"]
[=]

. .

||||||li||| i”i||| ........................... 1
Lo : I

|||"|| |”|||| --------------------- 1

T

I
("]
(=]

pitch local extreme
value (deg)
o

e
[

T T

T —
.......... N |
L —
i ‘ 1|2

.9 1 1.1 13 14 1§
¥ %
U /UL

plunge local
extreme value
(=]

I\

Fig. 7 Pitch and plunge bifurcation diagrams for x, =0.1, ©=1.2,
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Fig. 8 Pitch and plunge motions: x, =0.1, ©=1.2, 3=10, v =10, and
U*IU; =1.1.

amplitudes in Fig. 8a are very close to the limit «(7) € [-20 deg,
20 deg] that we impose on the validity of the aerodynamics. The
modulation frequency f,, computed from Fig. 8a is approximately
0.0007. The fast Fourier transform (FFT) plot of the pitch motion
shown in Fig. 8b shows a broadband peak at a frequency f =~ 0.06,
and the bandwidth of the peak is approximately A f =0.03. The in-
set in Fig. 8b shows an enlarged portion of the FFT plot in the range
0.04 < f <0.1. No particular structure can be deduced from Fig. 8b.
However, an FFT computed at different U*/ U shows a structure in
the frequency contents of the peak . For example, at U*/ U} =1.2,
the broad peak of Fig. 9 shows a number of sharp finer peaks similar
to that observed in Ref. 7. The frequency separation A f between ad-
jacent peaks is fairly constant and is approximately 0.002. Some of
the values of the finer peaks are given in Fig. 9. Although an explana-
tion of the modulation was not given in Ref. 7, Lee et al.” pointed out
that the modulation frequency was the same as the frequency sep-
aration Af within computational errors, leading us to attribute the
modulation to being the result of interaction between the different
frequencies.
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When g is increased from 10 to 80, the pitch/plunge amplitudes
decrease and the range of U*/U; where the oscillations are am-
plitude modulated decreases. The modulation frequency increases
with 8. For example, for U*/U; =1.1, we computed f,, as fol-
lows: at 8 =10, f,, =0.0007; at =15, f,, =0.0012; at 8 =20,
fn=0.0016; at B =30, f,, =0.0019; at 8 =50, f,, =0.0021; and
at =80, f,, =0.0023. Also, f,, changes with U*/U}. For ex-
ample, at 8=10 and U*/U} =1.2, f,, =0.002 instead of 0.0007
at U*/U; =1.1. There are not sufficient data for other values of
U* /U] to show the trend in the variation of f,, with .

To obtain an estimate of the effect of w, we performed some
computations where w; is 20% smaller instead of 20% larger than
wy, that is, @ = 0.8. In this case, y is kept constant at 30 and the
values of 8 used are 0, 0.5, 2, 5, 10, 15, 20, 30, 50, and 80. At the
two smallest values of 8 =0 and 0.5, a subcritical Hopf bifurcation
occurs at U*/ U} = 1. At B =2, the time series shows a modulated
wave similar to that shown in Fig. 7 foro =1.2, $ =10, and y = 10.
However, this phenomenon occurs only in a very narrow range of
U*/U}. The amplitude can go as high as 40 deg close to the bi-
furcation point and exceeds our requirement that () € [—20 deg,
20 deg] for the flow to be attached and for the aerodynamics given by
Fung?® to be valid. At 8 =5, the primary bifurcation at U*/ U} =1
switches to the supercritical type, and the pitch/plunge amplitudes
increase rapidly such that the condition a(t) € [-20 deg, 20 deg]
cannot be satisfied for U*/ U} > 1.1. The bifurcation remains super-
critical for increasing §, and the pitch/plunge amplitudes increase
at a slower rate, thus increasing the range of U*/U; where the
numerical simulation can be conducted. For example, at 8 =10,
the condition a(7) € [—20 deg, 20 deg] holds at U*/ U} < 1.3, and
this value increases with 8. The modulated wave phenomenon dis-
appears at B =50, even when the computations are carried out
up to U*/U; <3 when the pitch amplitude reaches the maxi-
mum limit we impose at 20 deg. Up to the largest value studied,
B =80, a secondary bifurcation as observed for v =0.2 described
in the preceding subsection, where a supercritical Hopf bifurcation
changes to a subcrtitical bifurcation, is not detected up to a value
of U*/U; =3.5, where the maximum pitch amplitude reaches a
value of 30 deg, rendering the aerodynamics invalid. A case with
B =80 and y =0 is carried out for comparison purposes. Results
available at the highest value computed for this case, U*/ U} = 1.5,
when compared with those for 8 =80 and y =30, show that
y has a greater effect on the pitch amplitude, which increases
from 4.5 (y =0) to 6 deg (y =30), whereas the plunge ampli-
tude varies from 0.12 (y =0) to 0.13 (y = 30), which is effectively
unchanged.

The example described in this section shows that for a fixed value
of y(y =30 in this case), the value of 8 determines the type of
primary bifurcation. Also, for small values of 8 where the bifur-
cation is subcritical, small increases in B causes large increases
in pitch/plunge amplitudes. Once the value g is reached when the
bifurcation switches to supercritical, the amplitudes decrease with
increasing f3.

Conclusions

The complexity of the aeroelastic equations of motion of an air-
foil with coupled nonlinear restoring forces makes it impractical to
derive analytical methods to predict bifurcation behavior. The com-
monly used harmonic balance method for nonlinear problems can
be extended to give fairly accurate results in some special cases. In
general, a large number of terms have to be included in the Fourier
series representation, and a frequency—amplitude relation cannot be
derived analytically. A trend or parametric study requires a large
amount of computations because of the numerous combinations of
airfoil parameters and spring constants that generate the nonlinear
restoring forces. In addition, it is often not possible to predict from
extrapolation the sudden change in response characteristics when
the bifurcation parameter is varied. For this reason, only a case-by-
case study is the normal approach. From numerical simulations, it
is shown that coupled nonlinearities can generate a variety of inter-
esting response phenomena, such as primary and secondary Hopf
bifurcations and modulated oscillations in subcritical Hopf bifur-
cations. Chaotic behavior is possible in a narrow window of the
bifurcation parameter. When a value of the frequency parameter
@ =0.2 is used, it is shown that for a fixed pitch cubic nonlinearity
of fairly large value (8 = 80), the value of U*/ U} at the jump po-
sition where secondary bifurcation occurs increases for increasing
y. The third harmonic for the pitch motion is quite noticeable, but
that for the plunge motion is usually small. Also, in some cases
nonzero mean values of the pitch and plunge motions are observed.
At sufficient large value of y (y = 10), chaotic motion is detected.
With a further increase in y, the bifurcation behavior reverts back
to that for small values of y < 0.5. When a larger value of @ =1.2
is used and y is kept at 10, a supercritical Hopf bifurcation is ob-
served at U*/ U} =1 for B < 5. For larger values of 8, a subcritical
Hopf bifurcation occurs. The pitch/plunge motions are amplitude
modulated, and the spectra show a large number of discrete fre-
quency peaks. The separation frequency is approximately constant
and equal to the modulation frequency.

Appendix: Coefficients in Aeroelastic Equations
[Eq. (11)]

co=1+1/u, ¢ =x4—an/p
=21 =91 — V) /n+ 260/ U"
ca=[14+U—-2a)d - Y1 —¥2)l/1n
¢ =2(e1Y1 + eyn) /1
os =2[1=v1 =¥+ (3 —a) v +e292) ]| /1
=201 e (4 - )]/
er= 2001 — ex(1 — )] .
co = =263/ 1,

=1+ (1+84;) /8ur;

cg = —2812%//1

co=(@/U", do=x4[r}—an/ur;

[N

dy = —(1 +2a,)(1 =y — ¥) [ r
ds = (1= 2ay) [2r;
— (1+ 2a,)(1 = 2a,)(1 — Y1 — ¥) [2ur2 + 26,/ U*
dy = —(1+ 2ay) (191 + e292) [ ur?
ds = —(1+2a,)(1 — ¥, — y) [ ur?
— (1+2a)(1 = 2a,) (Y161 — V) /207

dﬁ = —(1 + 2&]1)w1€1[1 - 81(% - a;,)]/ur§
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dy = =(1+2a)yne[1 —e2(5 —an) ] /mrg
dy = (14 2a)yn8; [ury,  do= (1424963 [ ur]
dio = (1/U*)?
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